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ON THE CLIFFORD ALGEBRA OF A BINARY FORM

RAJESH S. KULKARNI

ABSTRACT. The Clifford algebra Cj of a binary form f of degree d is the k-
algebra k{z,y}/I, where T is the ideal generated by {(az + By)¢ — f(a, B) |
o, 8 € k}. Cj has a natural homomorphic image A that is a rank d? Azu-
maya algebra over its center. We prove that the center is isomorphic to the
coordinate ring of the complement of an explicit ©-divisor in Pic‘éﬁiil, where

C is the curve (w?® — f(u,v)) and g is the genus of C.

1. INTRODUCTION

Let f be a form of degree d in n variables over a field k. Then the Clifford algebra
Cy is the k-algebra k{zi,...,z,}/I where k{z1,...,z,} is the free associative
algebra in n variables and I is the ideal generated by {(c1z1 + ...+ Ocnxn)d —
flaa,...;an) | a1,...,ap € k}. If d = 2, this is the classical Clifford algebra of
a quadratic form. If d > 2, then this is sometimes called the generalized Clifford
algebra and has been studied by various authors, including Roby [21], Revoy [20],
and Childs [3].

The first case of higher degree (that is, d = 3,n = 2) was studied by Haile in [§]
and [9]. He showed that the Clifford algebra of a binary cubic form over a field k,
with characteristic # 2, 3, is Azumaya with center the affine coordinate ring of an
elliptic curve. Further, this elliptic curve is the Jacobian of the projective curve
given by the equation (w® — f(u,v)).

The case of d > 3 displays different behavior. Namely, using results of [20], it
is easy to see that Cy contains a free algebra on two variables. In particular, Cf
is not finitely generated over its center (as a module) and hence is not Azumaya.
However, it has been shown ([I0]) that the dimension of any representation is
divisible by d. Furthermore, Cy = C}/(kern) is Azumaya over its center, where
the intersection is taken over all the kernels of dimension d representations. The
question of describing the center is thus interesting from this point of view.

The main tool in understanding representations of the Clifford algebra (for d > 3)
was introduced by Van den Bergh in [22]. While previous results about representa-
tions ([8], [I0]) were global in nature, this idea gave a local result. To understand
the statement we introduce some notation. Denote by C' the projective curve given
by the equation (w? — f(u,v)). Let g be the genus of this degree d curve. As-
sume that k is algebraically closed of characteristic 0 and that the form f has no
repeated factors over k. By an rd-dimensional representation of Cy, we mean a
homomorphism from Cy to M,q(k), the rd x rd matrices over k. Then the result

Received by the editors January 1, 2002.
2000 Mathematics Subject Classification. Primary 16H05, 16G99, 14H40, 14K30.

(©2003 American Mathematical Society

3181



3182 RAJESH S. KULKARNI

(I22], Proposition 1 in Section 1 and Lemma 2 in Section 2.2) states that there is a
one-to-one correspondence between equivalence classes of rd-dimensional represen-
tations of C'y and isomorphism classes of vector bundles £ on C of rank r and degree
(d+ g — 1) such that H°(C,&(—1)) = 0. It should be emphasized that this result
is constructive in nature. Namely, for a vector bundle that satisfies the conditions
of the theorem, we can construct an explicit representation of Cy (on the global
sections of &), and vice versa.

This result suggests that the center of C' '+ should be the coordinate ring of an
affine open set in the (translated) Jacobian of the curve C. In fact, a closer inspec-
tion reveals that the open set is the complement of a ©-divisor in Picdc";g_l. The
results of [§] and [9] pertaining to the case of binary cubic forms give credence to
this belief. In this paper, we prove this result under the assumptions that k is an
infinite field, f has no repeated factors over an algebraic closure of k and char(k)
does not divide d.

First consider the case when C has a k-rational point. For this case, we briefly
describe the strategy to construct the required isomorphism. Let Zj denote the
center of éf and Ay denote the coordinate ring of the complement of a ©-divisor

in PichJ;Zfl. We compute the graded module associated to the direct image of the

universal bundle under the projection C xj Spec A — P,lc X Spec Ag. In fact, it
turns out that this direct image is isomorphic to the pull-back of the direct image
of the universal bundle under the projection on the second factor. This allows us
to define a homomorphism ¢ from C~f to Enda, Po, where Fy is the Agx-module of
global sections of the direct image of the universal line bundle. This morphism
has the important property that any d-dimensional representation of C’~f factors
through End 4, Py. This implies that the morphism ¢ is injective. Using the fact
that Aj is integrally closed, we prove that ¢ maps Zy to Ag. Then our goal is to
show that this morphism on the centers is an isomorphism.

In our original approach ([12]), we showed that ¢ is an isomorphism by proving
sufficiently many geometric properties of ¢ to use the Main Theorem of Zariski.
However, it was pointed out to us that a more direct approach might be to construct
a morphism 7 from Spec Zj, to Spec Ay using some of the ideas from [23]. Namely,
we construct a natural transformation between functors which are represented by
the schemes Spec Zj and Spec Ay. This then yields the required morphism. It is
then easy to show that the composition 1o ¢ : Spec Ay, — Spec Ay is the identity
morphism. Using the injectivity of ¢ : Zx — Ay, we see that this is an isomorphism.

Now we discuss the case when C' does not have a k-rational point. In this case,
there exists a finite Galois extension k’/k such that C(k’) is nonempty. The results
discussed in the previous paragraphs show that after this base extension, the center
Zy is isomorphic (via ¢) to Ay, the coordinate ring of the complement of the ©-
divisor in Picdcf/g_,l. We show that this morphism descends to k. For any element

o € Gal(k'/k), consider the automorphism 1 = 0~ top~logogp. Using a calculation

of the universal bundle P, we show that the restriction of its pull-back under u to a
closed point y is isomorphic to P,. This then shows that u is the identity morphism,
giving us the required descent.

The paper is organized in six sections. In the second section, we review some
basic material about Jacobians of curves, keeping in mind the audience for this
paper. In Section [3, we study the restriction of the direct image of the universal
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line bundle on the complement of the ©-divisor. In Section [, the morphism ¢ is
constructed and its properties are studied. In Section[Q], we construct the morphism
7. In the last section, the main theorem is proved, identifying the center of éf.

In the following, we assume that the binary form f has no repeated factors over
an algebraic closure of k and that the characteristic of k does not divide d.

NOTATION AND CONVENTIONS

e All rings have an identity element.

e Let B be an A-algebra and X be a Spec A-scheme. We denote X Xgpec 4
Spec B by X x4 B.

e All schemes are locally Noetherian and all morphisms are of locally finite
type.

e (Sch/k) denotes the category of schemes over Spec k whose structure mor-
phisms are locally of finite type. Also (Sch/X)g denotes the flat site on X.
All sheafifications are with respect to the flat topology.

e (fppf) = faithfully-flat and of finite presentation.

e The projections of fibred products onto the i*" component X; are denoted
by either p;, 7; or px;, mx,.

e For any scheme X and a positive integer n, X denotes the n-fold sym-
metric product of X.

e The terms line bundles (respectively vector bundles) and invertible sheaves
(respectively locally free sheaves) are used interchangeably.

e For any vector bundle &, x(€) denotes the Euler characteristic of £.

e The translation morphism induced by an element a of an abelian variety A
is denoted by t,.

e All the fields are assumed to be infinite.

2. THE UNIVERSAL PROPERTY OF THE PICARD SCHEME
AND THE UNIVERSAL INVERTIBLE SHEAF

In this section, we recall some basic properties of Picard schemes of curves and
the universal invertible sheaf associated with them. The general references for this
section are [2], Chapter 8, and [15].

Let S be a base scheme, X an S-scheme and f : X — S be the structure
morphism. For any S-scheme T, let ¢ denote the projection X xg T — T. The
functor Picx /s which associates to any S-scheme T' the Picard group Pic(X xg T')
is called the Picard functor. This functor is not representable, since it is not a
sheaf even with respect to the Zariski topology. We consider its sheafification with
respect to the (fppf)-topology (called the relative Picard functor). The sheafified
functor is representable by a scheme which is also denoted by Picy,g. If f has
a section, the sheafified functor is isomorphic to the functor that assigns to any
S-scheme T the group Pic(X xgT)/q*Pic(T) (Proposition 4 in [2], Chapter 8).

There is another description for the relative Picard functor for more restricted
situations ([2], Chapter 8). We assume that f.(Ox) = Og holds universally (that
is, this formula holds true after any base change) and that f admits a section
£:S — X. For a line bundle £ on X, an isomorphism « : Og — £*(£) is called
a rigidification of L. The pair (£, «) is referred to as a rigidified line bundle along
the section €. There is an obvious notion of morphisms of rigidified line bundles.
Then we consider the functor (P,e) : (Sch/S)? — (Sets) which associates to an
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S-scheme T the set of isomorphism classes of line bundles on X7 = X xgT that are
rigidified along the induced section er : T'— Xp. The functor (P, ¢) is canonically
isomorphic to the relative Picard functor Picy/g.

Now consider a smooth projective curve C' over a field k of genus g. We call the
open (and closed) subfunctor that considers only invertible sheaves £ on C' x; T
whose restriction to C' x {t} is of fixed degree n for any point ¢ the relative Picard
functor of degree n. The scheme that represents it is denoted by Picg k- This is a
smooth, projective scheme over k.

Next suppose the curve C has a k-rational point. Fix a section ¢ : Spec k — C
corresponding to such a rational point. Let O(1) be a very ample line bundle on

C of degree d. Then the scheme Piccy;, (respectively Pic?/'i_l) also represents

(P,¢) (respectively (P4t9~1 ¢), which is an open subfunctor of (P, &) consisting of
rigidified line bundles of degree (d+g—1)). So the identity on Picc /, (respectively
PichJ;gfl) gives a line bundle P (respectively P) on C xj Picgy, (respectively
C Xy Picdc"/'g_l) that is canonically rigidified along the induced section. The sheaf
P is called the universal (or Poincaré) line bundle for (C/k, €). In fact, it is easy to
see that the corresponding universal line bundle on C' x, PichJ;Z*l is the pull-back
of the universal line bundle on C' x Picg/y, under the canonical inclusion. The next
proposition, which is adapted from [2], Chapter 8, 8.4, Proposition 4, justifies this
terminology.

Proposition 2.1. With the notation as above, the functor (P, ¢) is representable by
a scheme which we denote by Picc . The universal line bundle P has the following
property: For any k-scheme X, and for any line bundle £ on Cx X that is rigidified
along the induced section €x, there exists a unique morphism g : X — Piccy, such
that L, as a rigidified line bundle, is isomorphic to the pull-back of P under the
morphism idc x g. A similar statement is true for (P¥t9=1 ¢) if the line bundle
L |cx, {2} 5 of degree (d+ g — 1) for any point v € X.

Next we want to relate the schemes representing the relative Picard functors
corresponding to C'/k and Ck /K. Here K is an arbitrary field extension of k and
Ck = C X, K. The next proposition is true for arbitrary base extensions as well.
See [7], Section 3.

Let m : C — Spec k be the structure morphism. Let K be any field extension of
k and f : Spec K — Spec k be the corresponding base extension. We continue to
use the same notation as above in the following proposition.

Proposition 2.2. The Picard scheme Picg,.  k 1is isomorphic to Picc, X K as
a K-scheme. Let g : Pico, /xk — Picojp X K be such an isomorphism, and let
P be the universal line bundle for (C/k, ). Then hihji(id x g)*(p1 x id)*P is the
universal line bundle for (Ck /K, f o €), where the morphisms are described in the
following sequence:

CK XK PiCCK/K L C XkK X K PiCCK/K & C XkK XkPiCC/k.

Remark 2.3. The first part of the above proposition remains true even if the curve
C/k does not have a k-rational point. Namely, the formation of the Picard scheme
is compatible with the base change. This follows because, in fact, the usual con-
struction of the Picard scheme is to construct it after a base extension so that the
curve has a rational point (over the extended field), and then to use descent. For
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example, see [I5]. Also, the above proposition remains true if we restrict to the
open subfunctor of degree (d+ g —1). This is clear since the degree of a line bundle
does not change under a pull-back via base extension of fields.

Remark 2.4. We have considered in the above discussion only the open subfunctors
corresponding to degree (d+ g —1). But all the facts about representability remain
true for any degree. The facts about the universal line bundle also remain true as
long as the curve under consideration has a rational point over its base field. The
proofs of these assertions are identical to the case of degree (d + g — 1).

The Picard scheme is a group scheme (variety) over the base field. The Picard
scheme of degree 0 is the Jacobian variety of C'/k and is also denoted by J. The
group operation corresponds to tensoring of line bundles. We define specific ©-
divisors in Picard schemes of degrees (g — 1) and (d + g — 1).

Definition 2.5. Let C'/k be a curve with the hypothesis as above (we do not need
C' to have a k-rational point). The ©-divisor (of degree (g — 1)) is the schematic
image of the canonical morphism

(€)=Y = Pic,,  Dr— [Drl,

where, for any k-scheme T and for any T-valued point Dz of (C)9~Y [D7] denotes
the element of Picgf/; corresponding to Dr.

Recall that the curve C is equipped with a (very ample) line bundle O(1) of
degree d. This gives a canonically defined ©-divisor in Picdcjgfl, as the image of
the ©-divisor under the morphism

Pics 1“8 Pickiot.

Now let K be a field extension of k. By considering the commutative diagram

. g—1
(Ck)9™Y) —— Pict,

| )

()= —— Picgﬁ

we see that the pull-back of the ©-divisor under the morphism g is the ©-divisor
for Cx /K. In fact, the same is true as well for the complement of the ©-divisor.

Proposition 2.6. Let C/k be a curve as before, and let K be a field extension of k.

Let L be a rigidified line bundle on Ci of degree (d+ g—1). Then the image of the

unique morphism Spec K 4 PichJ;Z*l corresponding to L lies in the complement

of the ©-divisor if and only if h°(Ck,L(—1)) = 0.

Proof. One direction is immediate once we note that the fibre over a closed point
x under the composite morphism

clo-b Pic‘g/i - Picdcjg*1

either is empty or is exactly the linear system HY(C xj k(x), L, (—1)), where L,
is the line bundle corresponding to the point x in PiCdCJ;ifl. This idea can be

formalized by using the Poincaré bundle.
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For the other direction, if h°(Ck,L(—1)) # 0, then we may choose a global
section s of £(—1). Then the divisor D of this section gives an element of C(9~1).
Using the canonical morphism, this gives an invertible sheaf £o on Ck that has a
global section whose divisor is Ds. Furthermore, the image of Spec K corresponding
to Lg is by definition in the ©-divisor. But since their global sections have the same
divisors, the invertible sheaves £(-1) and £ must be isomorphic. This gives the
other direction. 0

We record an easy corollary for future reference.

Corollary 2.7. With the hypothesis as above, the pull-back (or the inverse image)
of the complement of the ©-divisor in Picd;/'i_lunder the canonical morphism
. dtg—1 . dtg—1

Plchg/K — Plcc/z
is the complement of the ©-divisor in Picdc';g/}l.
Remark 2.8. Note that our idea of the proof of the corollary depends on C' having
a k-rational point. However, by Remark 2.3] the same question can be asked if C
does not have a k-rational point. We consider a finite Galois extension k’/k (with
Galois group G) so that C(k') is nonempty. Let C' = C x, k. Then Picdc'f/glglhas
a G-action and gives, by descent, PichJ;Zfl. The morphism

(C/)(gfl) LN Picéfflgl
is G-equivariant, and so the image of hy is G-invariant, which descends to the O-
divisor in Picdcjgfl. Hence the complement of the ©-divisor in Picdcf/g,; 1 descends

to the complement of the ©-divisor in PichJ;Zfl

2.1. The universal line bundle on C Xy, Picdcf/gk_,l. In this section, we would

like to explicitly construct the universal line bundle on C X Picdc",’/g]; L Though

we consider only curves of degree d in P?, most of the calculations remain valid
for arbitrary curves. Our goal is to find a formula which relates the universal line
bundle to its pull-back under a Galois automorphism of the base field.

We start by recalling the construction of the universal line bundle for degree 0.
Let C be a smooth curve over a field k£ such that C' = C x;, k' has a k’-rational
point. We assume that k'/k is a finite Galois extension. In our case, this follows
from the assumption that the characteristic of k does not divide d. To see this, note
that the curve given by (w? — f(u,v)) has a rational point over the splitting field of
the polynomial x¢ — f(a,b) for any elements a, b € k. Let J denote the Jacobian
variety Pic%,/k,. Fix a rational point P on C’. Denote by ©g the theta divisor in J

obtained by translation of the usual ©-divisor in Pi(%f/lk/ by L£([—(g — 1)P]). This
is the same as the divisor of £L(©)(—1)® L(—(g —1)P), where © is the theta divisor
in Picé‘f/gk_, ! defined earlier. We have the morphism ([I5], Section 2)
h:C' — J,

which maps a closed point @ to L([Q — P]). For any divisor D in the Jacobian
variety, we denote by L'(D) the line bundle m*£(D) @ p*£(D)~! @ ¢*£(D)~* on
J Xy J, where m is the multiplication morphism on J and p, ¢ are the projections
onto the first and second factors, respectively. Finally, write ©, for the image of
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©p under the morphism (—1); : J — J, and (©g), for t,09 = O + a. Denote
(©¢ )a by (©0), -
With this notation, Lemma 6.8 of [I5] says the following:

Lemma 2.9. The sheaf L = (h x (=1);)*L(Og ) is isomorphic to the universal
invertible sheaf given by the universal property of J.

Using the line bundle of the last lemma, we construct the universal line bundle
for C" x s Picdc'f/g]; ! This construction is well known; see, for example, [1], Chapter
4, Lemma 2.2 and the discussion preceding it. Denote by L¢ the line bundle

L(=(g—-1)P)(-1)
on C’, and by p; the projection of C’ x s J onto the first factor. The morphism 7
is defined as
Picti ot L g
L — L ® L.

We can now state the lemma describing the universal bundle of degree (d+ g — 1).

Lemma 2.10. With the above notation, the line bundle P = (idcr xn)* Lop% (Ly*)
is the universal line bundle of degree (d+ g —1).

Proof. Let € denote the section of C" — k' and let e, ats-1, €7 denote the induced
el'%

sections. Then it follows that
(ider x m) o Epictiot = €I O

This means that (ides x 1)*L is rigidifiable. Also, pj(Ly") is rigidifiable along
EPiCdC,J;i_l. Thus P is a rigidifiable line bundle. By Remark .15, this is sufficient,
and we may make any choice of rigidification.

Now let T be any k’-scheme and let L1 be a rigidified line bundle on C’ x; T'
such that for any ¢t € T, the restriction (Lr); is of degree (d + g — 1). Then
Ly = Lr @ pi(Ly') is a rigidified line bundle on C’ x;s T such that its restriction
to any C; is of degree 0. This determines a unique map

wT — J

d+g—1

Yopu:T — Picc,/k, . Using the universal property of J and

and hence a map 7~
L and the fact that the projection p; commutes with (ider x 1), we see that the
line bundle (idcr x (7! o u1))*P is isomorphic to Lr. Furthermore, the morphism

n~! o p is unique with respect to this property. This is the universal property of

P. O

Now let o be in Gal(k'/k). If this induces an automorphism of a k’-scheme, then
it is also denoted by o. For future purposes, we want to compute o*P @ P~'. First
we prove a computational lemma.

Lemma 2.11. With the notation as before, the following commutation relations

hold:

(9—2)[P=—"—P] omo(hx(=1)y)o(idxn) =mo(hx(=1);)o(idxn)oo,

(2) oot _yypo—r_popo(hx(=1)s)o(idxn) =po(hx(-1);)e(id xn)oo,
(9—1)[Pa—1—p) ©4° (hx(=1)s)o(idxn)=go(hx(=1)s)o(idxn)oo.
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Proof. We prove only the first relation, since the others are proved in a similar
way. Let p; (respectively u,) denote the left (respectively the right) side of the first
equation. Let g =mo (u, (—1) o pr). Fix a closed point @ on C’ and a divisor D
associated to a line bundle that corresponds to a closed point in PichJ,r/g,; 1 Let E
denote the divisor of a section of £((g — 1)P)(1). Then

nQ, D)
=wm(Q, D) — p(Q, D)

yoaype-1_p oMo (hx (=1),)(Q, D — E)

—mo (hx(=1)s) 0 (id x n)(Q%, D7)
=g0o t(g_Q)[PU—l_P] om([Q — P, E— D)

—mo (hx (=1),)(Q7, D’ — E)
=00t ypot_p(Q—Pl+E—D)—mo(Q” - PE— D)
=[Q7-PT+E” =D+ (9 -2)(P - P")| - [Q7 - P+ E - D7,

:aot(

which is the empty divisor. (This follows from the observation that we may take
E? —E = (g—1)[P° — P].) This means that u(Q, D) is the trivial line bundle. So,
by the rigidity lemma ([14], Theorem 2.1), the two morphisms are the same. O

! and let o be as above.

+g—
'/k' )

Now let P be the universal bundle on C’ X/ PicdC

Lemma 2.12. Let x be a closed point in PichJ,r/gkf1 and i : Spec k(z) — PichJ,r/gkf1 be

the corresponding morphism. Then, with the above notation, we have that the line
bundle (idor x i)*(c*P@P~1) on C' x k(x) is trivial. In other words, (c*P@P 1)
is 1somorphic to p5L, where L is a line bundle on Piccgf/g,;,l and py is the projection
onto the second factor.

Proof. We first compute o*(ider x 0)*L ® (ider x )*£71. To this end, consider
o*(ider x m)*L. Using the definition of £ and the relations of the last lemma, we
have that

o*(ider x n)*L
= 0" (ider x n)"(h x (—=1)5)"L'(6)
= 0" (ider x 1)*(h x (=1)7)"(m"L(Og) ® p"L(O5) ™' ® ¢"L(65) ")
= (ider x )" (h x (=1)7)"(m*L((©o)
®p*ﬁ(_(go)[_l’“_l—P]+(9—1)[P“_1—P])

® L O yyipet_pagg-nipe—p)
= (idor x )" (h x (=1)7)"(m"L((O0) p,—1_p))

—(g—2)[Po " —P]+<g—1)[P°*1—P])

P L(~(O0) s ) 4" L(~(O0)7).
Now consider the line bundle m*E((@o)[;U,l e ©y ). By [14], Proposition 10.1,
the line bundle E((GO)[_po—l,p] — 0g ) lies in PicO(Pic%,/k,). But, by [14], Propo-

sition 9.2, for any line bundle £’ on Picocl/k, that lies in PicO(Pic%,/k,), we have
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m*L = p*L’ ® ¢*L'. Combining this fact with the above calculation, we have

o*(ider x )" L @ (ider x 1) L™
= (ider xm)*(h x (=1))*
(0 LUO0) 1y = (O0) s ) ©TLLO sy~ O7))

Recall that we are interested in the restriction of this line bundle to C" Xy k(z).
Since

go (hx(=1)s)o (ider xn) o (ider x i) = (=1)sonoicg,

it follows that the pull-back of the ¢*-component of the above line bundle to C’ x
k(z) is trivial, and so we may consider only the p*-component. Note that

po(hx(=1)y)o(ides x ) o (ider x i) = hops.
This gives us

(ider x 9)* (o™ (ider x n)* L ® (ider x 1)* L)

21) ~ pih* £((©)

et —py ~ (O0)gpomt_p)

Now let h(9) denote the morphism (C’)(9) — Picoc,/k,, which maps an effective
divisor D of degree g to the line bundle associated to [D — gP]. Then it is clear
that 29 (P74 (g—1)P) = [P" ' —P]and h(9) (gP° ") = g[P° " — P]. So by [I5],

Lemma 6.8, the invertible sheaf h*ﬁ((@o)[;a,l _P]) is isomorphic to L([P° " + (g—

1)P]), and h*E((@o);[Pa_lip}) ~ £(g[P° ']). Using (ZI) and these remarks, we
get

22) (ider x 4)*(0* (ider x 0)*L @ (ider x n)*L71)

2.2

=~ piL(P7 +(9—1)P—gP7 ).

Now we consider the line bundle (id¢r xi)*(c*P@P 1) on €’ x s k(x). To finish the
lemma, we consider the line bundle pj(Lg)~*. (Note that this p; is the projection
of C" x Picdcf/g,;, ! onto the first factor. We continue with this notation to avoid
complicating our notation even further.) It follows from the definition of Ly that

(ider x 2)"(0™pi(Lo) ™" @ pi(Lo))
(2:3) = (ider x i) L((g — )P = P))
~piL((g - 1)(P7 " - P)).
Combining 2.2), (2:3) and the definition of P, we see that the line bundle
(idgr x i)*(c*P @ P~ 1)
on C' xy k() is trivial.

The last part of the statement now follows from the Seesaw Theorem, Cor. 6,
Sect. 5, Chap. 2 in [18]]. g



3190 RAJESH S. KULKARNI

2.2. Auxiliary lemmas about rigidifications of line bundles. The following
lemma will be used repeatedly in later sections.

Lemma 2.13. Let C/k be a curve as before with a k-rational point, € : Spec k — C.
Let K be a field extension of k. Then any two line bundles L1, Lo on Ck that are
rigidified along ek are isomorphic as Tigidified line bundles if they are isomorphic
as line bundles.

Another lemma, which will be used later, concerns line bundles on C X D,
where D = k[t]/(t?) is the ring of dual numbers. However, for later purposes, it is
sufficient to consider the case when k is algebraically closed.

Fix a section € : Spec k — C. We denote the induced section Picdcti_l
C x, Picdcti_l by Epictio - Let x be a closed point of Picdcti_l, and let

ty : Spec D — PichJ;Zfl
be a tangent vector at z. This gives a rigidified line bundle £1 on C' X, D. Suppose
that Lo is another line bundle on C' X D such that we have an isomorphism

n:£1—>£2

of line bundles. Further suppose that Lo is isomorphic (as a line bundle) to j *EIQ for
some line bundle 5/2 on C', where j is the morphism Spec D — Spec k corresponding
to the natural morphism k — D.

Lemma 2.14. Under the above hypothesis and notation, there exists a rigidification
on EIQ such that L1 and j*ﬁ; are isomorphic as rigidified line bundles. Here j*ﬁ;
is rigidified using the rigidification on L:lQ in a natural way.

Remark 2.15. We omit proofs of these lemmas. The first lemma can be proved
by comparing the set of rigidifications of Lo with the automorphism group of L,.
The second lemma can be proved by comparing the sets of rigidifications of P,
j*ﬁ; and EIQ with automorphism groups of OPiCéJerl, Op and Op. However, the
proofs are easier if we use yet another definition of the relative Picard functor.
From [2], Section 8.1, the relative Picard functor is isomorphic to the functor which
associates to an S-scheme T the group Pic(Xr)/Pic(T). In fact, this shows that
two rigidifiable line bundles on X7 that are isomorphic are isomorphic as rigidified
line bundles.

3. THE COMPLEMENT OF THE ©-DIVISOR AND THE UNIVERSAL LINE BUNDLE

In this section, we discuss the complement of the ©-divisor. However, after
some generalities, we consider only those curves which are of interest from the
point of view of the Clifford algebra. In particular, the projection of the re-
striction of the universal bundle to C' xj, (complement of the ©-divisor) on P}, x
(complement of the ©-divisor) will be considered in detail. (The projection C' — P}
is described below.) We continue with the notation and definitions from the last
section.

We first prove that the complement of the ©-divisor is an affine scheme. This is
an immediate consequence of well-known properties of the ©-divisor.
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Proposition 3.1. Let C/k be a degree d, genus g smooth curve in P?. (C need
not have a k-rational point.) Then the complement of the ©-divisor in Picdc";g_l 18
an affine scheme.

Proof. First note that we may assume that C' has a k-rational point. This is because
the ©-divisor and its complement were obtained by Galois descent on Picdcf/g,; 1,
where k’/k is an extension so that C(k’) is nonempty.

Suppose C' has a k-rational point. Then the ©-divisor is ample in Picdcj/'i_l
See [15], Remark 6.5 and Theorem 6.6. Now the proposition follows, since the

complement of any ample divisor in PichJ;Zflis an affine scheme. O

Remark 3.2. If C' has a k-rational point, then the same proof shows that the com-
plement of any ©-divisor in Picfy/, is affine for any m.

Notation. For any curve C/k as above, we denote by Spec Ay, the open complement

of the ©-divisor in PiCdCJ;Zfl.

For the rest of this section we assume that C has a k-rational point.

Recall from the introduction that we are mainly interested in the curve C' =
Proj(k[u,v,w]/(w® — f(u,v)). (Here f is the given binary form.) We prove that in
the cases of interest, the curve C' is always nonsingular.

Lemma 3.3. The curve C is nonsingular provided that f does mot have repeated
factors over an algebraic closure of k and that the characteristic of k does not divide
d.

Proof. We may assume that k is algebraically closed. An easy computation shows
that
O(w? — f(u,v)) _ Of A(w? - f(u,v)) _ Of
ou - ou’ v - Ov

d
and that w = dw?™!. Also we have that ugg + v%% = dg for any poly-
nomial g(u,v). Since the characteristic of k& does not divide d, C' is singular only
of

if the system of equations {f, 7%, %} has a solution. However, since f has no

repeated factors, this is impossible. ([l

Corresponding to the inclusion k[u,v] — (k[u,v,w]/(w? — f(u,v)) we have the
projection

C 2P}
For any field extension K/k, we denote the morphism obtained as above by g . Let
y be a closed point in Spec Ay, and let k(y) be its residue field. Then we denote
by L, the pull-back of the universal line bundle P under the canonical morphism

C xk k(y) — C xx PicH ™"

The following proposition is a key proposition for our purposes and was proved in
[22] when k is algebraically closed. We give a proof for the sake of completeness.

Proposition 3.4. The coherent sheaf F, = (qk(y))*ﬁy is isomorphic to the trivial
vector bundle @, Op:

k(y)
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Proof. We first assume that k is algebraically closed. Since P} is a nonsingular
curve over an algebraically closed field, any torsion-free coherent sheaf is a vector
bundle. Since (gx), respects torsion-freeness ([6] I, Proposition 8.4.1), F,, is a vector
bundle on P;. Since any vector bundle on P} is a sum of line bundles, we can write
Fy = @le Opi (n;) for some integer n;’s. Note that x(L,) = x(F,). Then, by [3],
Cor. 15.2.1,

X(Fy) = (rank(Fy))(1 — gy ) + deg(Fy),

(1_gC)+deg —d+znz

Here deg(£) denotes the degree of a vector bundle £. This gives ). n; = 0. Since
y is in the complement of the ©-divisor, we have

WL, (a1), (L, ©op Oc(-1))) = (P, (ar), (Ly(~1))
= W(C.L,(-1)),

which is zero. But by the projection formula, we have the identity
(ar).(Ly ®oc (4k)Opy(=1)) = (qr).. Ly ®0,, Opy(=1).
Using this and the previous equations gives

RO( Pk,@oﬂn i —1)=0;

son; <0foralli=1,---,d, and hence n; = 0 (since ), n; = 0).
So (qr),.Ly = P, Op1. Now let k be any field, and let y be a point as before.
Then we consider the (canonically rigidified) pull-back of the line bundle £, under

the canonical morphism C x k 23 C X k(y). Then by Corollary B2, the image
of the point corresponding to j&L, lies in Spec Az. By the earlier part of the
argument, (qz)«(3&(Ly)) = Py Op: . To finish the proof we consider the following
commutative diagram:

(3.1) Cp —2% Cry

Now (qz)«(J&(Ly)) = (Jp1)(qr(y))+Ly by [11], Chapter III, Theorem 9.3. But
Aut((j51)(qr(y))«Ly) = GLd(_) and H*(Galg (), GLa(k)) = 0 by Hilbert 90. So

it follows that F, = @, O]}Di( ) O

Next we want to consider the direct image of the universal line bundle on C' xy,
Plcdcti under the projection onto the second factor. In general, there is no reason
for this to be a vector bundle. For our purposes, the restriction of this direct image
to Spec A is more important. With the help of the last proposition we prove the
following.

d+g—1

Proposition 3.5. Let 7w : C' xy Pic, o d+g—1

— PicC/k denote the projection onto
the second factor. Then (m.P) |spec 4, is a locally free sheaf of rank d.
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Proof. First note that since Spec Ay — Picdcti_l is an open immersion,

T (P loxispec ) = (T4P) |spec Ay -
For any point y in Spec Ay, let k(y) be the residue field of y. We denote by P, the
line bundle (id x i)*P on Cj,), where i is the morphism Spec k(y) — PichJ;Z*l
We will prove that dimk(y)HO(Ck(y),Py) is constant. Since Spec Ay is an open set
in an integral scheme Picdc";g_l, it is itself irreducible and reduced. Then by [18],

Corollary 2, p. 50, it follows that (7.P) |spec 4, is a locally free sheaf of rank d.
First we consider a closed point y in Spec Ay. Then, with the notation from
diagram (&), (gx(y))«Py is a trivial rank d vector bundle. So

h(Cryys Py) = h°(Piiyys (Ghy))=Py) = d-

This holds for all closed points in Spec Ajp. By the upper semicontinuity of
the function y +— dimk(y)HO(Ck(y),Py) and the fact that Spec Ay is a Jacob-
son scheme (in particular, any open set contains a closed point), it follows that
dimy, () H(Chy), Py) is constant. O

The locally free sheaf on Spec Ay in the statement of the previous proposition
will be denoted by €. As part of the proof of the last proposition we proved that the
function y +— dimk(y)HO(Ck(y), Py) is constant. This, combined with [18], Corollary
2, p. 50, gives the following corollary.

Corollary 3.6. For all y € Spec Ay, the natural map
£ ®0spee 4, K(y) — H(Cry), Py)
is an isomorphism.
We have the following sequence of morphisms:
C xy Spec A I, ]P’lkapec Ay Pas, Spec Ay,.
We continue to denote by 7 the projection onto the second factor of C x Spec Ay,

(so that pa, oga, = 7). Let F denote the coherent sheaf (ga, )P on P; x; Spec Ay.
The following lemma justifies this notation (compare Proposition [3.4]).

Lemma 3.7. For any closed point y in Spec Ay, let i : Spec k(y) — Spec Ay be
the corresponding inclusion. Consider the Cartesian square

C xy, Spec k(y) ANy X1 Spec Ay,

qk(y)l J(IAk

Pl xy Spec k(y) RN Pl xy Spec Ay,
Then the coherent sheaves (id x i)*(qa, ), P and (qr(y)),(id X i)*P are isomorphic.

Proof. Since P is a coherent sheaf on the projective scheme C xj Spec Ay (over
Spec Ay), there exists a graded (Ag[u, v, w]/(w? — f))-module M such that M is
isomorphic (as an Oc¢x spec 4,-module) to P. Then the sheaf (id x 9)*(qx(y)), P
is isomorphic to (i(y)[u,] (k(y) @ a,M))~. Also the sheaf (gy(y)), (id x i)*P is iso-
morphic to the sheaf (k(y) ®4, A,[u,0)M)~. These conclusions follow from [6] II,
Proposition 2.8.10. But the graded k(y)[u,v]-modules (;(y)u,v(k(y) ®a, 4, M))
and (k(y) ®4, Au[u,0)M) are isomorphic. So the sheaves in question are isomor-
phic. U
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Our goal for this section is to find a graded A[u,v]-module whose associated
sheaf is isomorphic to F. In fact, we will compute the module associated to F,
which will be sufficient. The next proposition is the main tool in this computation.
Recall that for any morphism g : X — Y and a sheaf G of Ox-modules, there is a
natural morphism ¢*¢.G — G. This follows from the adjointness of the functors ¢*
and g,.

Proposition 3.8. With the notation as before, the natural morphism
u:pa, (pay)sF — F
is an isomorphism.

Proof. Recall that (pa,)«F = & is a locally free sheaf of rank d. So the sheaf

Pl (Pa,)+F is also a locally free sheaf of rank d on Py (P} =P; x Spec Ay).
First we claim that F is a locally free sheaf of rank d on Phk. We prove that

dimy,,y F ®OW}% k(y) is d for any closed point y in P}qk. Indeed by the upper

semicontinuity of the dimension function and by the fact that Phk is of finite type
over k, this will be sufficient.
Now for any closed point y in P}qk, consider the following diagram:

Spec k(y)
i JJ’
K idxi
1 Y 1
Prw) P,

pk(y)l JpAk

Spec k(y) b, Spec Ay,

By the universal property of the fibre product, the dotted arrow i exists so that
this is a commutative diagram. We prove that

dimk(y)}' ®On>}4 k(y) = dlmk(y)j*f
k

is d. But

dimk(y)j*}— = dimk(y) i*(id x 4,)* F.
From Lemma[3.7] and Proposition B4] it follows that (id x i, )*F is a trivial vector
bundle of rank d, so that dimy,,i*(id x i,)*F is d.

Now we go back to the morphism w defined earlier. Notice that it is a morphism of
vector bundles of rank d. To prove that u is an isomorphism, it is sufficient to show
that u, : (p%, (Pa,)+F)e — Fu is bijective for all points z in P}, . By [6] I, Corol-
lary 0.5.5.7, it is sufficient to prove that w, is surjective at closed points. The part
about closed points follows from the fact that the set {z € P} | u, is surjective}
is open in P} . Then by [6] I, Corollary 0.5.5.6, it is sufficient to prove that

Uy ®@id : (p*Ak (pAk)*]:)y/my(p*Ak(pAk)*]:)y - ]:y/my]:y

is surjective for all closed points y in Phk. But this homomorphism is surjective if
and only if the morphism

Jtuw JTph, (pay )« F — 57 F
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is surjective, which is the same as
i (1d X diy) w7 (id X i) pl, (Pa, )« F — " (id X iy )" F
being surjective. So it is sufficient to prove that
(id x dy) u : (id x dy)*pa, (Pa, )« F — (id X iy)*F
is an isomorphism. But we have the isomorphism
(id x i) P, (D)« F = Dy iy (Pag)sF.

Note that i} (pa, )«F is a trivial vector bundle of rank d, and so
Pi(y)ly(Par )« F = Py @ Ospec k(y)) GB Piw)”

This gives that (id xiy,)*p}, (pa, )«F is a trivial vector bundle. Hence the morphism
(idxy)*u will be an isomorphism if it is so on the global sections. But the morphism

Piy)ty(Pa, )« F — (id x iy)"F
on the global sections is an isomorphism if the natural morphism
(pAk)*]:®Ospeu Ay k(y) I HO(]P]lc(y)v}—y)

is an isomorphism. By the earlier part (dimension computation) of the proof
and [18], Corollary 2, p. 50, this is indeed the case. O

A useful application of this proposition is that it gives a convenient way to de-
scribe the graded module associated to the sheaf F. Consider the sheaf (pa, )« F =
m«(P) on Spec Ay. As we saw before, this is a locally free sheaf of rank d on

~

Spec Ay. So we can find a projective Az-module P such that 7, (P) = P.

Corollary 3.9. The Ay[u,v]-module @, H*(P}, , F(i)) is (graded) isomorphic to
the module M = P ® 4, Ak[u,v].

Proof. 1t is sufficient to compute the graded module associated to the coherent
sheaf p% (pa,)«F, which we denote by G. But, by the projection formula,

(P4 )(G(0) = (Pax)«(F) ® (Pay)«(Opy, (0))-

Since IP}% — Spec Ay, is a projective morphism, the module in the statement can

be obtained by computing HY(Spec Ay, (pa,)«(F) @ (pay)«(Opy (i))) for any i.
k

From the above isomorphism it follows that

@HO(SPGC Ak (04,)+(F) © (pay)«(Opy (1)) = P @2, <@(pAk)*(OP}4k (U)) :

%

But now the statement follows from the well-known computation of the graded
module associated to the structure sheaf of the projective n-space. See, for exam-
ple, [I1], Chapter V, Proposition 5.13. 0
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4. THE HOMOMORPHISM C; — Enda, (P)

We recall the set-up of the reduced Clifford algebra. Let f be a binary form
of degree d over a field k such that char(k) does not divide d. Then the Clifford
algebra of the form f was defined in the introduction. See Section[Il One of the key
properties of the representations of C'y is that the dimension of the representation
is divisible by d ([10], Proposition 1.1). We are interested in representations of C
of dimension d. We form the reduced Clifford algebra C; by (Cf)/(p), where the
intersection is taken over the kernels of all dimension d representations. The algebra
éf is in fact an Azumaya algebra (for example, [I0], Proposition 1.4), and so the
d-dimensional representations are parametrized by the prime ideals in the center
of C¢. Furthermore, it was pointed out to us that the center of C is Noetherian.
This, for example, follows from Proposition 2 of [I7], since Cy is finitely generated
over k and C~f is a finite module over its center. We are trying to prove that the
center of C~f is isomorphic to the k-algebra Ay of Section Bl

In this section, we consider the case when the curve C of Section [} has a k-
rational point. We construct a homomorphism from the center of C} to Aj. This
is achieved by first constructing a homomorphism from éf to End 4, (P), where P
is the module of the global sections of the sheaf 7w,P on Spec Ai. See Section Bl
We will show in the following sections that under this homomorphism the center
of C r is mapped to Ay. After we have obtained the desired homomorphism, we
investigate some of its properties. In particular, we want to show how, starting
with a finite-dimensional representation of C '+, we can construct a line bundle over
C' (possibly after a base extension).

Before we get to the main proposition of this section, we note an algebraic
relation which holds inside the (graded) endomorphism ring of the graded module
in Corollary[38 This relation will then enable us to define the morphism mentioned
in the previous paragraph.

For the rest of this section, we assume that the curve C' has a k-rational point.

Lemma 4.1. Let P be the projective Ap-module as in Corollary[Z9 Consider the
graded Ap[u,v]-module M = P ®4, Aglu,v]. Let P; denote the i** graded piece of
this module (so P = Py). Then we have the following equation:

Homy, (Po, P1) = uo Endy, Py +voEnda, Py,

where u,v are viewed in Homy, (Py, P1) with their natural action.

~

Proof. The proof is easy and follows from the relation P; = (Py @ Fy), where the
two generators are u and v. (Il

Proposition 4.2. There exists an algebra homomorphism
¢:Cy — Endu,P,
where éf is the reduced Clifford algebra and P is as defined before.

Proof. The strategy to prove this proposition will be to show that Enda, P has
elements that satisfy the relations of the Clifford algebra.

Consider the universal line bundle P on C xj, A and the projection g4, : C' Xy,
A — P}qk. Since g4, is a projective (and hence an affine) morphism, we can obtain
the graded module associated to P by computing @; H*(PY , (qa,)«(P(4))). But
this was already computed in Corollary So the module M of Lemma AT is
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also a graded Ax[u,v,w]/(w? — f)-module. Since w is a homogeneous element of
degree one in this (naturally) graded ring, it is an element of Hom 4, (P, P1). By
Lemma [4.1] there exist elements «y,, oy, in End 4, P such that the equality

W = UO Qy + VO Qy
holds in Hom 4, (Py, P1). Now consider the element w? as an element of the module
Hom y, (Po, Py). Since in the graded ring of C' x;, Aj, we have the relation w? = f,

it holds in Hom 4, (Py, Py) as well. In particular, we get

w = (uoay, +voa,)? = flu,v)Id.

But note that Homg, (Po, Py) is a free Enda, Pp-module. This shows that the
elements «,, and «, in Endy, (Fp) satisfy the relations of the Clifford algebra Cy
and give a homomorphism

35 : Cf — EndAkP().
Next we want to show that this homomorphism factors through the reduced Clifford
algebra. Recall that Spec Ay is an open subscheme in PichJ;ifl, which is integral.

Thus Spec Ay is an integral scheme of finite type over k. In particular, Ay is an
integral domain. So we may consider the sequence of morphisms

Cy — Endy, (Po) — Endga,)(Po ®a, Q(Ax)) = Ma(Q(Ak)),

where Q(Ay) is the field of fractions of A;. Note that, by the comments made
above, the second arrow is an injection. This gives a d-dimensional representation
of C'y. So the composite factors through Cy. We consider the diagram

Cp —— Enda, Po —— Ma(Q(Ar))

NS

The dashed arrow exists since the second horizontal arrow is injective. This gives
us the desired homomorphism

¢:Cy — Enda, P.
O

The homomorphism C t — Enda, Py constructed in the last proposition will al-
ways be denoted by .

Next we want to study the homomorphism ¢. To this end, we assume that we
are given a representation of c e

n: éf - Md(K)a
where K is a field extension of k. Our goal is to show that any such representation
factors through Enda, Py via .

We denote the images of the two generators of C + under n by a,, and «,. Consider
the morphism

Klu,v,w)
(w? = f)

u, v — [ul, [v],

Sk = —>Md(K[’U,,U]),

W — U, + VO,
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With the natural grading on N = @, K[u,v], the above morphism is a graded
homomorphism. This makes N a graded Sx-module. So N is a quasi-coherent (in
fact, coherent) sheaf on X = Proj Sk. But we can do better, as is seen in the next
lemma. Note that X is canonically isomorphic to Cx = C' x; K.

Lemma 4.3. N is an invertible sheaf on X. Moreover, the pull-back of this sheaf
to Ck under the canonical morphism is a degree (d + g — 1) line bundle on Ck.
The image of the unique morphism Spec K — PichJ;Z*l corresponding to this line
bundle lies in Spec Ay.

Proof. For the first part of the statement, by [6], 42, Proposition 2.5.1, it is sufficient
to prove that N is invertible with the assumption that K is algebraically closed.
We will prove that for any closed point = € X, dimg (N ®ox., K) = 1. This
will be sufficient by the usual upper semicontinuity argument. Furthermore, it is
clear that both v and v cannot be in a homogeneous maximal ideal of Sk. So
it will be sufficient to prove the dimension condition for any closed point z in
X, = Spec((Sk)(v)), since the argument for X, is similar. Now

Kla, w]
(w? — f(u,1))

1%

(SK)(U) and N('u) = @K[’a],
d

where @ = u/v and w = w/v. Here @ acts in a natural way and w acts as tc, + .
Any closed point in Spec((Sk)w)) is m = (@ — a,w — b) for some a, b € K. So we
have that

Ospecsiyos = (@ = f(@,1)) ) (a0, o-b)
) u—a, w—
as well as

(N(v))x = O;c ®(SK)(“) (@K[’EL])
d

This gives

~ . &.xm

(N)x ®Ox,x K= (’l_l, —a, w i b)(@dK[ﬂ])
. @K
~ (adu + @y — b)(@aK)’

So the required dimension is dimg (ker(acy, + @, — b)). We consider ad, + d, €
M4(K) and compute the dimension of its eigenspace of eigenvalue b. The character-
istic polynomial of acr, +a, is t?— f(a, 1). Indeed, this follows when f(a, 1) # 0 since
all the roots are distinct (since char(K) does not divide d), and when f(a,1) =0
since the matrix is nilpotent in this case. Moreover, if b # 0, then f(a,1) # 0 and
b is an eigenvalue of multiplicity 1.

Let b = 0, so that f(a,1) = 0. We may find a matrix B € GL4(K) such that
Bl(adi, + c,)B™! is in its Jordan form. If dimg (ker(acw, + @, — b)) > 1, then we
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can write (for w € My(K|u,v])) det w = det BwB~! = (av — u)'det w’, where

av—u ... 0 0o ... 0
-1 0 . oav—u 0 ... O0f
BuB==1 g . o 1 ... o|l"
0 0 0o ... 1

There are [ entries (av — u) in the above matrix, and { > 2. But this gives that
det w? = (av — u)'det(w’)? = f(u,v)?. Since | > 2, av — u is a repeated factor of
f(u,v), which contradicts our assumption on f. This gives the required dimension
condition, and N is an invertible sheaf on Cf.

For the second part, consider the projection qx : Cx — Pk considered before.
Then

X(CKvN) = X(P}(v (qK)*N)a

and, by the Riemann-Roch formula for vector bundles on nonsingular curves ([5],
Example 15.2.1),

(1—g) +deg N =d(1—0) +deg ((gx)-N).

But (¢x).N = @, Op1 and so deg ((qx)«N) = 0. This gives that deg N =
(d+g—1).
For the third part, note that by the projection formula,
h(Cre, N(=1)) = h°(Pk. ((4x)« N )(~1)) = 0.

By Proposition 2.6, the image of Spec K under the unique morphism corresponding
to N lies in Spec Ay. (]

Remark 4.4. The above lemma is essentially the key lemma of [22]. As we will see
later, it provides an explicit construction of line bundles on C' X K arising from
representations of C'y. It is the main tool in proving the one-to-one correspondence
between representations of C '+ and line bundles on C' mentioned in the introduction

(Section ).
Now we get to the main proposition mentioned at the beginning of the section.

Proposition 4.5. Let 7 : éf — Mg(K) be a representation. Then there ezists a
morphism Enda, Py — Ma(K) so that the following diagram is commutative:

Cy —— Enda, P

e
e
n e
e
1’

M4(K)

Proof. Given a finite-dimensional representation of C' t, we can construct a graded
Sk-module N as before, where Si = (K [u,v,w]/(w?— f)). This gives a line bundle
L on C'k as in the last lemma. Then the image of the morphism corresponding to
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this line bundle lies in Spec Ag. Note that by Lemma[ZT3] this morphism does not
depend on the choice of rigidification. If we denote by ¢ the morphism

Spec K N Spec Ay,

then (id x 4)*P = L, where P is the universal line bundle on C xj Spec Ay.
Recall that P is the sheaf associated to the graded module €, P;, where P; =
HO(C xj, Spec Ag,P(4)). In fact,

@Pi = P®Ak Ak[u,’u].

So the line bundle (id x i)*P = £ =
K®a, (B, P;). We claim that the Sg-m
modules.

For any line bundle £/, we denote by I'.(L’) the associated graded module
@, H°(L'(i)). We have the following diagram, in which the horizontal arrow exists
by functoriality of I', and the vertical morphisms are natural:

N’, where N’ is the graded Sx-module
odules N’ and N are isomorphic as graded

T, (N) — I, (N)

N N’

Since the sheaves associated to the graded modules N, N’ are isomorphic, the
horizontal arrow is an isomorphism (as I'.(Oc¢, ) and hence as Sg-modules). Thus
it will be sufficient to prove that

(1) N =T,(N) and

(2) N' = T,(N')
as Sk-modules. Note that the vertical morphisms are Sk-module maps, and hence
it is sufficient to prove that these are bijective. Consider the first morphism as a
K[u,v]-module morphism. By [I1], Proposition 5.13 and the fact that I, commutes
with formation of direct sum, it follows that the first morphism is an isomorphism.
But a similar argument along with the observation that

N’ = (K XA, PO) XA, Ak[u,v]
= (P K) ®a, Axlu,v]

d
%@K[u,v]
d

shows that N/ — I',(N’) is bijective.
This gives a degree-preserving Sx-module isomorphism

P Klu,v] = N 25 N' = (K @4, Py) ®a, Arlu,v].
d

In particular, we get a K-module isomorphism

@KLK®A;€PO;
d



ON THE CLIFFORD ALGEBRA OF A BINARY FORM 3201

and hence an isomorphism
e
Md(K) H—H> EndK(K ®A,C Po)
Since p preserves the action of w, the image of «, (respectively a,) is (id ® avw,)
(respectively (id ® ay)). So we have a commutative diagram

G ———Ends, Py

| |

My(K) —— Endg (K @4, P)
This is the desired diagram of the statement. O

Remark 4.6. Note that the morphism End s, Py — M4(K) obtained in the previous
proposition by our procedure is uniquely determined up to a unique automorphism
of My(K). In fact, the only place where we do not have an explicit construction is in
the use of the morphism Spec K — Spec Ay. However, this morphism is uniquely
determined once we have constructed a line bundle N as in the proof. This follows
by Lemma B-T3. The rest of the procedure is algorithmic, and determines a unique
homomorphism up to an element of GL4(K).

We now use the above proposition to prove a very useful property of the mor-
phism .

Corollary 4.7. The morphism
(Y2 C~f —_— EndAkPO
constructed earlier is injective.

Proof. Let I denote the kernel of the morphism . Then since any representation
has a factorization as in Proposition L8, I must be contained in the intersection
of the kernels of d-dimensional representations. Thus, since C’} is an Azumaya
algebra, I is contained in the (two-sided) ideal generated by the nilradical of Z,

the center of C’}. But the center Zi of Cy is reduced; see [10], Proposition 1.4. So
the ideal I = (0), and ¢ is injective. O

4.1. The morphism ¢ : Spec A, — Spec Zj,. Consider the morphism ¢ : éf —
Enda, Py as above.

Proposition 4.8. The morphism ¢ : éf — Enda, Py maps the center Zj, to Ay.
Proof. Consider the sequence of morphisms

Cr % Enda, Po <> Ma(Q(Ay)).

Let z € Zy,. We claim that ¢(z) is integral over Ay and that i o p(z) € Q(Ax).
The first claim follows since ¢(z) commutes with A and Enda, Py is a finitely
generated module over Aj. For the second claim, note that the composite i o ¢
is an irreducible representation of Cy. Hence it follows that (i o ¢)(Cy)Q(Ay) =
Mi(Q(Ag)). Now the claim follows since this implies that i o p(Zx) C Q(Ax).
But since Spec Ay is a smooth integral scheme, Ay is integrally closed, which
implies that ¢(z) € Ay. O
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The above proposition along with Corollary .7 gives an injective k-algebra mor-
phism
@ Zk — Ak
and hence a k-morphism

@ : Spec Ay, — Spec Zj,.

If there is no cause for confusion, we will denote both of the above morphisms by

®.
We will prove in the following sections that ¢ is an isomorphism.

5. THE MORPHISM 7 : Spec Ay, — Spec Zj,

In this section, we construct a morphism 7 : Spec Zy — Spec Ay which we will
show to be the inverse of the morphism ¢ constructed earlier. The main idea in
constructing the morphism 7 is to view the schemes Spec Ay and Spec Zj as rep-
resenting objects of certain functors, and then construct a natural transformation
between these functors. These ideas are present in the paper [23] of M. Van den
Bergh.

If S is a k-scheme, then by an S-representation of degree n of éf we mean a
pair (1, 04), where O4 is a sheaf of Azumaya algebras of rank n? over S and 1 :
C¢ — H(S,04) is a k-algebra homomorphism. Two S-representations (11, 04,)
and (12, 04,) are said to be equivalent if there is an isomorphism 6 : O4, — Oa,
of sheaves of Azumaya algebras such that 1, = H°(S,0) 01;. An S-representation
of éf is irreducible if the image of éf generates O 4 locally.

Let Repd(df, —) be the functor that assigns to a k-scheme S the set of equiv-
alence classes of irreducible S-representations of degree d of C’~f. Since Azumaya
algebras pull back to Azumaya algebras and irreducible representations are stable
under pull-back, it follows that this is a functor. Furthermore, since C} is an Azu-
maya algebra of rank d? over its center, this functor is representable in Sch/k and
is represented by Spec Z;. Note that, by remarks at the beginning of Section €]
Spec Zj, is a Noetherian scheme.

We also consider representations of C’~f into endomorphism sheaves of vector
bundles. Let G4(C}, —) be the subfunctor of Rep,(Cy, —) that assigns to a k-scheme
S the set of equivalence classes of irreducible S-representations into endomorphism
sheaves of vector bundles of rank d. Again, since endomorphism sheaves of vector
bundles pull back to the sheaves of the same kind, it follows that this is also
a functor. Both the functors Rep,(Cy,—) and G4(Cy,—) define presheaves on
(Sch/k)a with respect to the flat topology. Moreover, the functor Repd(éf, —) is
a sheaf with respect to the flat topology, since it is representable (Proposition 1,
Chapter 8, [2]). We denote the sheafification of the functor G4(C, —) with respect
to the flat topology by _C’;d(éf, —). The following fact is [23], Lemma 4.2.

Lemma 5.1. The natural transformation Gq(Cy,—) — Repy(Cy, —) induces an
isomorphism Repy(Cy, —) =2 Ga(Cy, —).

Our next goal is to define a natural transformation from Rep,(C'y, —) to a certain

open subfunctor of PichJ;Zfl(—)

need some auxiliary lemmas.

. Before we define this morphism of functors, we
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Let S be a k-scheme, and let (¢, O4) be an element of gd(éf, S) so that O4 =
Endop,(E) for some vector bundle € of rank d on C xj; S. We will construct an
invertible sheaf on C' x; S. Consider the graded sheaf homomorphism

Oslu, v, w)
we — f(u,v)

U,V — U, v,

w — up(a1) + vip(x2),

— End(&)[u, v],

where z; and x5 are the usual generators of C’~f. Since £ is a sheaf of Og-modules,
there is a canonical map from Og to End(E). Since this is a graded homomorphism
of graded algebras (degree of u,v is 1 on the right side), we get a graded module
E®o4 Oglu,v]. This defines a sheaf M on C x;, S. In the lemma below and in the
remainder of this section, for any point s in S, g5 denotes the morphism C' x k(s) —
]P’,lc(s) induced by the inclusion k(s)[u, v] — (k(s)[u, v, w])/(w? — f(u,v)), ps denotes
the projection of the second factor of Pi(s) onto Spec k(s), and 75 denotes the
composition ps o ¢s. Similar notation is used for an arbitrary field K instead of

Lemma 5.2. The sheaf M is an invertible sheaf on C xS of (fibre-wise constant)
degree (d + g — 1). Furthermore, the invertible sheaf My = M ®p4 Spec k(s) on
Ch(s) satisfies hO(Ck(S),MS(—l)) =0.

Proof. 1t is sufficient to prove the first assertion in the case when S is an affine
scheme. So let S = Spec R. Let Cr denote the scheme C xj S. We may assume
that H°(S,&) = @, R, since £ is a vector bundle of rank d. In this case, we denote
the graded (R[u,v,w]/(w? — f(u,v))-module H°(S,€E) ®r R[u,v] by M and the
associated sheaf M by M.

Now consider the first assertion. Note that M is flat over S and 7 is a flat
morphism. So by [6], 42, Lemma 12.3.1, it is sufficient to prove that for any point
sin S, M, is an invertible sheaf on S. Here M, is the sheaf (1x is)*M where
1 X i is the morphism Cs = C X, Spec k(s) — C x.S. Consider the representation
associated to the point s via :

Ps C’Nf — Mg(k(s)).

This gives a sheaf N as in the discussion preceding Lemma B3 The sheaf N is
isomorphic to the sheaf M. So the fact that M, is invertible now follows from
Lemma 3 Also, the degree is (d + g — 1) along fibres of the projection onto the
second factor. This follows from a calculation using the Riemann-Roch formula;
see the proof of Lemma 3]

For the second assertion, it is sufficient to prove the statement for the invertible
sheaf N of the last paragraph. But, in this case, (qr(s) )« M is a trivial vector bundle
of rank d. This, along with the projection formula, gives the required statement.
See Lemma (3] for details. O

Corollary 5.3. With the notation as in LemmaliZ, the resulting morphism S —

Picch;if1 factors through Spec Ay.

Proof. Since the sheaf M is invertible on C' xS, we have a morphism S — PiCdCJ;Zfl

(after rigidifying this invertible sheaf if necessary). From Remark [ZTH, this mor-
phism does not depend on the rigidification. Now it is sufficient to prove that the
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image of any point s in S is in Spec Ay under the morphism in the statement.
However, it follows from Lemma that the image of any point s in S lies in
Spec A. So we get the required factorization. O

Now we consider another functor HdCJ;,‘Z*l defined as follows. This will be defined
as a subfunctor of Picdcji_l. For any k-scheme S, let Hg‘;;‘j_l(S’) be the subset of

Pic?/'i_l(s ) associated to the set of rigidified line bundles £ on C X, S that satisfy
the condition that for any point s of S, h%(Cs, Ls(—1)) = 0. Here C5 = C x, k(s)
and L, denotes the sheaf (1¢ x i(s))*L, where i(s) is the inclusion Spec k(s) — S.

To see that this is indeed a functor, consider a k-scheme T and a k-morphism
f:T — S, and let £ be an invertible sheaf on Cs = C xS which gives an element
of Hdctg_l(S). We need to prove that for any point ¢ in T, h(Cy, L,(—1)) = 0.
But if s is the image of ¢, then we have h9(Cs, Ls(—1)) = 0. Now the required
dimension is zero, since the composition f oi(t) factors through the inclusion i(s) :
Spec k(s) — S. Tt follows that this definition gives a functor. For this functor, we

have the following lemma.

Lemma 5.4. The functor H?;;Zﬁl is an open subfunctor of the functor PichJ;Z*l

Furthermore, H?/'Z_l is a representable functor and is represented by Spec Ay.

Proof. To verify the openness of H?/'Z_l, we use the characterization of openness

of subfunctors given in [23], Lemma 2.2.3. For a k-scheme S, let £ be an invertible
sheaf on C xj S. Then condition (2a) is satisfied by the definition of the functor.
For condition (2b), let L/K be a field extension, and let i : Spec K — Spec L
be the associated morphism. Since i is flat, it follows that (7z).(lc, x @)*L =
i*(mk )« L. Now the condition follows since ((1¢, x4)*L)(—1) = (1¢, x i)*(L(—1)).
For condition (2c), we need to prove that the set of points {s} in S for which £

is in Hdcjifl(Spec k(s)) is open in S. We note that the image of a point s of S

in PichJ;Z*l lies in Spec Ay if and only if h(Cs, Ls(—1)) = 0 (Proposition E8]).
Now the condition follows by noting that the set in question is the inverse image
of Spec A, under the morphism S — Picdctg_l

Moreover, by the discussion above, it also follows that the canonical morphism
S — Picdc";g_l associated with an element of Hdctg_l(S) factors through Spec Ay.
Note that the restriction of the universal invertible sheaf to C' x; Spec Ay is an
element of H?;;gfl(Spec Ay). This follows from Proposition Z6. This shows that

Spec Ay represents the functor ’Hg—;;‘j_l. O

We can now construct a natural transformation
. 5 d+g—1
®: Ga(Cr, =) — HET (=),

Namely, to any element (End(€),v) in gd(éf,S), we assign the O¢x, s-module
(H°(S, &) ®og Os[u,v])™. To see that ® is a natural transformation, let f : T — §
be a morphism of schemes and let (End(£),1) be an element of gd(df, S). Then
we need to prove that the two invertible Oc«, r-modules Or ®o4 psE and pi f*E
are isomorphic. Now the statement is immediate, since the action of w is preserved
by the natural OEMT -module isomorphism between these sheaves.
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Since the functor 'Hg—;g_l is representable, by sheafification of ®, we get the
natural transformation

D Repd(éf, —) Gd(éfv -) — H?JZ’I(—)-

The isomorphism in the above definition follows from Lemma[5.1] Now the functors
Repy(Cy,—) and Hdcjzfl (—) are rePresented by Spec Zj and Spec Ay, respectively.
This follows from the fact that C is an Azumaya algebra over its center and
Lemmal[54l So the natural transformation induces a morphism of schemes

n : Spec Zy, — Spec Ay.

In the following section, we will show that the morphisms n and ¢ are inverses of
each other.

6. THE ISOMORPHISM THEOREM AND DESCENT ON ¢

In this section, we first prove that the morphism ¢ is an isomorphism. Now
consider the composition

Spec A, —= Spec Zj, —— Spec A,

and denote it by 6. In the following proposition, P denotes the restriction of the
universal invertible sheaf to C' X Spec Ag.

Proposition 6.1. The morphism 0 is the identity morphism on Spec Ay.

Proof. Note that since P is the universal object in Hg‘;,‘z_l(S’pec Apg), it will be
sufficient to prove that (1¢ x 6)*P is isomorphic to P as a rigidified line bundle.
Furthermore, by Remark it is sufficient to show that these two sheaves are
isomorphic as line bundles. Note that the sheaf (1o x 0)*P is isomorphic to the
image under ® of (¢, End(P)) in Repy(Cy, Spec Ax). But then the sheaf (1 x 0)*P
is isomorphic to (P ® 4, Ax[u,v])™, where P = H?(Spec Ay, (74, )«(P)) and w acts
as up(x1)+ve(ze). Now from the construction of the morphism ¢ (Proposition 22,
the two actions of w on the graded (A [u, v, w]/(w?— f(u,v)))-module P® 4, Ax[u, v]
corresponding to the invertible sheaves (1¢ x 6)*P and P on C X Spec A are
compatible. So the sheaves in question are isomorphic. This shows that 6 is the
identity morphism. O

Now we can prove the following theorem.

Theorem 6.2. Let k be a field so that the curve C has a k-rational point. Then
the morphism @ is an isomorphism.

Proof. We prove that the corresponding homomorphism ¢ : Z; — Ay is an iso-
morphism. By Proposition .8, it is sufficient to show that the map ¢ is surjective.
By Proposition B.1], there exists a ring homomorphism 1 : Ay — Z; so that the
composition

Ay L 7y, 25 A

is the identity homomorphism. In particular, ¢ is surjective. It follows that ¢ is
an isomorphism. O
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6.1. The Galois descent on . In this section, we want to prove the isomorphism
theorem of the last section without the assumption that the curve C' has a k-rational
point. The idea is to prove that the ¢ obtained earlier descends to a field over which
f is defined.

Let f be a binary form over a field k such that the characteristic of k£ does not
divide d and f does not have repeated factors over an algebraic closure of k. Let
k'/k be a finite Galois extension (with Galois group G) such that C(k’) is non-
empty. Here we may assume that k' is a Galois extension of k by the assumption
on char(k). Then we have the isomorphism

@ : Spec Ay — Spec Zy.

Recall that Spec Ay descends to Spec Ay, which is the complement of the ©-divisor
in Picdcji_l. Also, Spec Zy descends to Spec Zy,, which is the center of the Clifford
algebra of f over k.

Main Theorem. The morphism ¢ descends to k, and hence the center of the
reduced Clifford algebra is isomorphic to the coordinate ring of the complement of
the ©-divisor in Picdc";g_l

Proof. Let x be a closed point of Spec Ay, and let k(x) be its residue field. Let
o € G. Then we have the following diagram:

Spec k(x)

Spec Ay £, Spec Zjys

Spec Ay £, Spec Zys

Now we prove that the above diagram is commutative. Let j denote the open
immersion Spec Ay — Picdc'f;’,; !, We first show that

1

(6.1) joooi=jogp ~ocgopoi.

Let 7 denote the structure morphism Picdcfflgl — Spec k', and C' X k(x)° the
fibred product of C’ and Spec k(x) with the structure morphism for Spec k(z) as
mooojoi. Also, let C' xy k(z) denote the fibred product as earlier with the
structure morphism for Spec k(z) as 7 o j o i. We have the isomorphism

(6.2) C' i k(z) Z5 O xp k(z)°.

To prove (6.1)), it is sufficient to prove that the line bundles on C" x/ k(z)? cor-
responding to these morphisms are isomorphic. See Lemma 213 If P denotes the
universal line bundle on C” x Picdc'f;’,; 1, then the line bundle corresponding to the
morphism on the left side of (G1I) is (id x (j 0 0 0))*P.

Consider the morphism on the right side of the above equation. To construct the
corresponding line bundle, it is sufficient to consider the associated representation
of the Clifford algebra. The required line bundle corresponds to the following
composite morphism:

idxo

CNf Rk =3 CNf R K LN Md(k(x)),
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where 7; is the representation corresponding to the morphism ¢ (or i o ¢). But this

line bundle is isomorphic to the pull-back of P under the composite morphism

id x (joi)
—

C/ Xt PiCdJrgil.

o xi
C' o k()7 T3 C % k() C K

Now consider the commutative diagram

O xp k(w) —Z2 s O X E(2)”

idx(joi)l J{idx(joaoi)

i s d+g—1 i s d+g—1
C' Xy PlCC,/k/ — C' Xy PlCC,/k/
By the above argument and the commutativity of this diagram, it follows that the
two line bundles in question are isomorphic to

(idx (joood)*P and (idx (joooi))*(c™! x o H)*P.

By Lemma [ZT2] these two line bundles are isomorphic. So (G holds true.

In particular, i = (671 o™t o o) oi. Now consider the two automorphisms
idand = (671 oo™t 00 0p) of Spec Apr. They both are the identity on closed
points, and the morphisms induced on the residue fields are the same. Let a € Ay/.
Then (p(a) — a) is in any maximal ideal on Ays. Since Ay is of finite type over
k' and is an integral domain, the intersection of all the maximal ideals is the zero
ideal. So p(a) = a for any a € Ay,. This shows that p is the identity morphism.

The second part follows from the discussion preceding the theorem and Corollary

21 O

We record an easy corollary of the main theorem.

Corollary 6.3. The center Zy, of the reduced Clifford algebra is an integrally closed
Noetherian domain.

Proof. By the main theorem, the k-scheme Spec Zj is isomorphic to the scheme
Spec Ay, which is the complement of the ©-divisor in PichJ;ifl. Since PiCdCJ;Zfl
is a smooth, integral Noetherian scheme and Spec Ay is an open subscheme of
PichJ;ifl, Spec Ay has these properties as well. In particular, Ay is an integrally

closed Noetherian domain. So Zj is an integrally closed Noetherian domain. (]

Remark 6.4. The Main Theorem [6.]] says that the reduced Clifford algebra can be
viewed as a sheaf of Azumaya algebras on Spec Ay. There are two natural questions
which arise. The first is, does this sheaf extend to PichJ;Z*l as an Azumaya algebra?
The second is if it does, then what is its Brauer class? These questions will be
addressed in a forthcoming article [13].
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